ALE RICCI-FLAT KAHLER METRICS AND DEFORMATIONS OF 
QUOTIENT SURFACE SINGULARITIES 
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Abstract. Let A^o = C^/H be an isolated quotient singularity with H C U{2) a finite 
subgroup. We show that for any Q— Gorenstein smoothings of A^o a nearby fiber admits 
ALE Ricci-flat Kahler metrics in any Kahler class. Moreover, we generalize Kronheimer's 
results on hyperkahler 4— manifolds 1141 . by giving an explicit classification of the ALE 
Ricci-flat Kahler surfaces. 

We construct ALF Ricci-flat Kahler metrics on the above non-simply connected man- 
ifolds. These provide new examples of ALF Ricci-flat Kahler 4— manifolds, with cubic 
volume growth and cyclic fundamental group at infinity. 
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1. Introduction 

Orbifold Kahler spaces appear naturally in the study of the moduli space of metrics. In 
this paper we consider quotient orbifolds of the form / H with H C U{2) a finite sub- 
group acting freely on \ {0}. There are two techniques to associate a smooth manifold 
to a singular space: one is resolving the singularity by introducing an exceptional divisor 
and the other is deforming the orbifold to a smooth manifold. 

If we consider the resolution of the singularity, then there are two cases which be- 
have quite differently. The first case is when H is a subgroup of SU{2). In this situation 
the singularities are called rational double points, and they are classified to be of type 
Ak,Dk,k > 1, Eq, Et, Es, corresponding to the tree configuration of self-intersection 
(—2) rational curves which appear in the minimal resolution. We call the underlying dif- 
ferential manifold of the minimal resolution an Ak,Dk, Eq, Ei or E'g— manifold. These 
manifolds are shown to support a hyperkahler structure. They were extensively studied and 
classified by Eguchi-Hanson Q, Hitchin Q, Gibbons-Hawking [8J, Kronheimer |fT3lfT4l . 
Joyce 1 1 1] and others. They have proved the existence of asymptotically locally Euclidean 
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(ALE) Ricci-flat Kahler metrics on these manifolds. In the second case, when iJ is a sub- 
group of U{2) rather than SU{2), the minimal resolution has non-trivial canonical line 
bundle, and hence it does not admit Ricci-flat Kahler metrics. In the special case when the 
group H is cyclic Calderbank and Singer |5| showed that the minimal resolution admits 
scalar flat curvature Kahler metrics, which are ALE. To the author's knowledge, little is 
known for other groups. 

The second method of obtaining a smooth manifold is by deforming the singularity. 
There are again two cases which arise. The first situation, when the subgroup H is a 
subgroup of SU{2), yields in fact the hyperkahler spaces, but endowed with a different 
complex structure. Only for H a subgroup of SU{2) the resolution and the smoothed 
manifolds are diffeomorphic. More details on the results on hyperkahler manifolds will be 
described in sections |3] and |4] For H a subgroup of U{2), some power of the canonical 
line bundle of the smoothing of the singularity is trivial and we can prove that the manifold 
admits a best metric which is ALE Ricci-flat Kahler: 

Theorem A. Let {Nq, 0) be an isolated quotient singularity of complex dimension 2. As- 
sume there exists tt : A/" — > A C C a one-parameter Q—Gorenstein smoothing where A 
is a disk around the origin and 7r^^(0) — Nq. Then for arbitrary small t G A \ {0} the 
manifold Nt — 7r^^(t) admits an ALE Ricci-flat Kahler metric g. More precisely, in any 
Kahler class of Nt there exists a unique ALE Ricci-flat Kahler metric. 

We recall that a normal complex space is Q— Gorenstein if it is Cohen-Macaulay and a 
multiple of the canonical divisor is Cartier [12, 3.1]. 

In the case of a resolution, we know that the complex structure at infinity is the canonical 
one. When we consider deformations we need to give a more precise definition of what an 
ALE Kahler manifold is: 

Definition 1.1. Let H be a finite subgroup ofU{2) acting freely on \ {0}, and let Iiq 
be the Euclidean metric and Jq the canonical complex structure on C'^/H. We say that 
a Kahler manifold (N, J,g) is an ALE Kahler manifold asymptotically to C^/i? if there 
exists a compact subset K C N and a map tt : N\K — >■ C^/i? which is a diffeomorphism 
between N \ K and the subset {z G C^/iJ : r(z) > R] for some fixed R > 0, such that 
TT*{g) — ho = 0(r^^) and'K^,{J) — Jq = 0{r^^). 

In the study of hyperkahler 4-manifolds, a key ingredient used both in Hitchin's (f9l) 
and Kronheimer's (|14)) proofs was the fact that the complex surface is birational to a 
deformation of a rational double point singularity. We obtain a similar result in the Ricci- 
flat case: 

Theorem B. Let (N, J,g,Lu) be a smooth ALE Ricci-fiat Kahler surface, asymptotic to 
C'^/H, with H a finite subgroup ofU{2) acting freely on \ {0}. The complex man- 
ifold (N, J) can be obtained as the minimal resolution of a fiber of a one-parameter 
Q~Gorenstein deformation of the quotient singularity C'^ /H. Given any Kahler class 
[uj] G {N, M), then g is the unique ALE Ricci-flat Kahler metric g in that class. In 
particular, if N is not simply connected then its fundamental group is flnite and cyclic, 
its universal cover is an A— type manifold, and the deck-transformations are explicitly 
described. 

Remark 1.2. If N is simply connected then N is hyperkahler and the theorem is in fact 
a reformulation of Kronheimer's classification result. In the case when N is non simply 
connected, then its universal cover can not be a D or E—type manifold. 
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Remark 1.3. The ALE is a necessary condition in the above classification and it is essen- 
tial for the proof of the theorem\B\ 

In section |5l we show that the above non-simply connected manifolds also admit com- 
plete asymptotically locally flat (ALF) Ricci-flat Kahler metrics and we also give examples 
of non-simply connected manifolds with infinite topology which have complete Ricci-flat 
Kahler metrics, by emulating a construction of Anderson, Kronheimer and LeBrun lH]. 

If one would like to generalize the 2— dimensional results to higher dimensions, then 
there are several approaches which are used for obtaining good metrics on resolutions of 
singularities. There is no analog of the deformation part, as Schlessinger Rigidity Theorem 
says that quotient singularities C"/iJ with singularity of codimension three or more have 
no non-trivial deformations I.18J . 

2. Smoothings of quotient singularities 

In this section we give a short summary of the Kollar and Shepherd-Barron's results 
||T2) on the classification of isolated quotient singularities which admit a smoothing. 

Definition 2.1. A flat, surjective map tt : X ^ IS., where A C C /s an open neighbor- 
hood ofO, is called a one-parameter Q—Gorenstein smoothing of a normal variety Xq, if 
7r^^(0) = Xq, and the following conditions are satisfled. 

i) X is Q—Gorenstein 

ii) Xt — Tr^^{t) is smooth for every t G A — {0}. 

For a definition of a Q— Gorenstein variety and more details on the algebraic geometry 
aspects see 1121 Def. 3.1]. In their paper, Kollar and Shepherd-Barron prove the following 
classification theorem: 

Theorem 2.2. P12! 3.10] An isolated quotient surface singularity (Nq,0) which admits 
a one-parameter Q—Gorenstein smoothing is either a rational double point or a cyclic 
singularity of type dnm — l)/or c? > 0, n > 2 and n, m relatively prime. 

From a topological point of view the two types of singularities are distinguished by 
the fundamental group of a smoothing. The smoothing of a rational double point is simply 
connected, while the deformations of the second type have finite cyclic fundamental group. 
On the algebraic geometric side of the picture this is reflected on the canonical line bundle 
being trivial, or non-trivial torsion, respectively. 

As the rational double point singularities and their preferred metrics are well understood 
IS [T3], we focus our attention on the second type of orbifolds. A singularity of type 
dnm — 1) is a quotient singularity C^/r^„2, where Vdn'^ = = 1} is the 

finite cyclic group of order dn? which acts on diagonally with weights (1, dnm — 1), 
i.e. if p G rrf„2 and (zi,Z2) G then p(zi,Z2) — {pzi, p'^"™'~^Z2)- If we consider 
the subgroup of order dn, Tdn C T^n^, then its quotient singularity is of type ^(1, —1), 
which is the Adn-i rational double point singularity. The quotient singularity ^(1,-1) 
can be biholomorphically embedded as a hypersurface in C'^, C^/Fjjn — > A/q = {xy — 
^dn^ C C^, by the following map: (21,^2) (x, y, z) = {zf\ zf\ Z1Z2) G C^. On Mq 
there is an induced action of the quotient group T^n^ /Tdn- As this group is cyclic of order 
n, we can represent its action by the action of a unit complex number ^ of order n, ^" = 1, 
as follows: ^(x, y, z) — {£^x,^~^y,£,"^z). 

The deformations of A— type singularities Mq are known. They are given by C 
X (xy^ z'^" + eiz*'-i + • ■ • + Cdn), where (ei, . . . , ed„) G C''". The 
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action of the group T^n2 /Tdn can be extended trivially on the coordinates of C^"^ : 
£_{x, y, z, e„, . . . , edn) = {^x, C^V, e„, . . . , Cdn) 

Then, there is a special family of deformations A4' C C'^ x which is (r£;„2 /Fdn) —invariant 
and it is given by the equation 

d 

i=i 

where e„, . . . , edn are linear coordinates on C*. Let TV = M' / {Tdn'-' /^dn) and (f) : J\f ^ 
be the quotient map of the projection Ai' C^. 

Proposition 2.3. II12I The map (f> : M ^ is a Q—Gorenstein deformation of the 
cyclic singularity of type -r^(l, dnm — l). Moreover, every one-parameter Q—Gorenstein 

deformation X — ?• IS. of a singularity of type ( 1 , dnm —1) is isomorphic to the pullback 

dn^ 

through (j) of some germ of a holomorphic map (A, 0) — (C*, 0). 

If we consider the case of one-parameter Q— Gorenstein deformations which are equi- 
variant under some free action of the cyclic group of order n, Z„ , and such that the fibers 
have isolated singularities, then we can ask if we can obtain a similar classification result. 
This situation was studied by Manetti in [151 by using Catanese's explicit classification [6 1 
of the automorphism group of rational double point singularities. He proves the following: 

Proposition 2.4. Let (Nq^O) C (C'^,0) be a rational double point singularity and let 
fin be an action of the finite cyclic group of order n on (Nq, 0) coming from a subgroup 
of GL(S,C). Moreover, there exists a one-parameter deformation of{No,0), (A/", 0) C 
(C'^ X A) — > A which is /x„ invariant, where the action extends trivially to the A coordi- 
nate. Assume further that the /x„ acts freely on J\f \ {0}. Then the singularity {Nq, 0) is 

a singularity of the form —^(1, dnm — 1), where n, m are relatively prime integers, and 

dn^ 

the deformation family is of the form described in Proposition \2.3\ 

3. ALE Ricci-FLAT Kahler metrics via the twistor space 

On the minimal resolution of a rational double point singularity, ALE hyperkahler met- 
rics (in particular Ricci-flat Kahler metrics) where constructed by Hitchin [9 1, Kronheimer 
|fT3lfT4 l. and others. In this section we show how their results can be rewritten in the set-up 
of Theorem |B] and we analyze in detail the deformations of the second type of singular- 
ities from Theorem 12.21 As we observed in Proposition 12.3] these singularities and their 
deformations are closely related to the A— type singularities. We start first by reviewing 
Hitchin's construction of hyperkahler metrics on deformations of these orbifolds. This is 
done via the twistor space construction. 

The Penrose twistor correspondence \2} is a one-to-one correspondence between half- 
conformally flat 4— manifolds and complex 3— folds, the twistor spaces, which satisfy 
certain properties. We will give a short summary of the twistor space of a hyperkahler 
manifold M, by following Hitchin's exposition in |9|. The hyperkahler metrics are anti- 
self-dual if M is endowed with the orientation induced by any of the complex structures. In 
our particular case, we have the following version of the Penrose correspondence between 
a simply connected manifold M endowed with a hyperkahler metric g and the complex 
3— fold Z which has the following properties: 
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(1) Z is the total space of a holomorphic fibration tt : Z — > CP^. 

(2) There exists a 4— parameter family of sections of tt, each with normal bundle 
0(1)0 0(1). 

(3) There exists a non-vanishing holomorphic section s of Kz <E) 7r*0(4). 

(4) There exists a real structure, i.e. a free anti-holomorphic involution, on Z which 
is the extension of the antipodal map on CP^, such that tt and s are real, and Z is 
fibered by the real sections of the family. 

The space of real sections recovers the manifold M and the conformal class of the 
metric. We use property (3) to fix a metric in the conformal class. Property (1) is specific 
for hyperkahler manifolds. For each [ui : U2] € CP^ , the projection from Z to the space 
of real sections identifies tt^^{[ui : U2]) with M, which induces a complex structure on 
M such that the metric g is Kahler 

We give now a short account of the twistor space associated to a smoothing of an 
type singularity with a Ricci-flat Kahler metric, by following Hitchin's presen- 
tation in (|9|. A smoothing of an singularity is biholomorphic to M = {xy = 

+ Ciz*^"^ + • ■ • + efe), for some constants e^. In order to construct Z we need a family 
of complex structures on M, parametrized by CP^. Hitchin |9| considers the manifold Z 

(3.1) xy = + ei{u)z''-'^ ^ hefe(u) 

as a first approximation, where u is an affine coordinate and [u) are holomorphic func- 
tions. As we need to define a CP^— family of complex structures, we need to consider the 
extension of the coordinate u to homogeneous coordinates [ui : U2] on CP^, then ej(u) 
are going to be extended to sections of holomorphic line bundles on CP^, while x, y, z are 
local coordinates on certain line bundles. Using the properties (1 — 4) Hitchin shows that 
y, z need to be local coordinates on 0(fc), 0{k), 0(2), respectively, while each ei is a 
section of 0(2j). Hence Z is a hypersurface in the vector bundle 

Z c 0(fc) ® 0(fc) ® 0(2) ^ CP^ 

The hypersurface Z has at most rational double point singularities, which can be resolved 
||9l to obtain a manifold Z which is the twistor space of M. Moreover, all the structures 
defined on Z (properties 1-4) lift to corresponding structures on Z. 

On Z, Hitchin constructs a natural real structure r induced from a real structure on 
0(fc) ® 0(fc) © 0(2) — >■ CP^ (property 4, and a non-vanishing holomorphic section s 
(property 3). The last ingredient missing is a 4— parameter family of sections. First, we 
make the assumption, |9|, that the equation l3. ll factorizes as: 

fe 

(3.2) xy^l[{z-p,) 

i=l 

where p, G r(0(2)). As a function on the affine parameter u = ^ G U = C C CV^ 
the polynomials pi can be written as Pi{u) — aiV? + 2hiU + q. Let (a;(u), y(u), z(u)) 
be a section of tt : Z — > CP^, and let z{u)) — au^ + 2bu + c. If we require that Z and 
{x{u),y{u), z{u)) are r— invariant, then we need to consider (u) satisfying Pi{Tu) — 
—T{pi{u)), or equivalently q = —ai,bi = bi, and c — —a,b — b. We can solve the 
equation l3.2l bv a simple factorization: 
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where Ai = -^(6 — 6^)^ + |a — p is the discriminant of z — pi and A, B are constant 
coefficients which must satisfy AB = ]^ (a — ) . The reahty condition on the polynomials 
x{u) and y{u) implies that 

k 

(3.3) = 60+ AO- 

1=1 

By Penrose correspondence the subspace of real sections A/^e, can be identified with 
M endowed with a conformal structure. As we saw, the real sections are parametrized 
by (&, Im{a), Re{a)) £ R'^ and the angular coordinate associated to A. Moreover, each 
conformal class is determined by a choice of the real quadratic polynomials pi, or equiva- 
lently k points Xi — {bi, Im{ai), Re{ai)) in M'^. On this real submanifold, the conformal 
structure is given by ^ eq.4.4]: 

(3.4) 7^(d6^ + dada) + (/to(^^ - 5da))^ = j'^dada+ - Sda){^^ -6da) 

A A A 

where 

k 

7 = ^((6-M' + i«-««Pr' = E^"' 



i=l 
k 



-(5-6,) + A, 



Ai{a-ai) 

To recover the metric on M, first we assume that (M, J) is identified with the smooth 
hypersurface corresponding to 7r^^(0), i.e. AI = {xy — J|(z + a^)) where ai ^ aj, for 
i ^ j. We have local coordinates {y, z) whenever y 7^ 0. In terms of these local coordinates 
we have the following identifications: 

1 

(3.5) u = 0, z = -d, y^jY[{{b-b,) + A,)^A 

1=1 

In these local coordinates, the metric corresponding to the twistor space data is the follow- 
ing i): 

(3.6) g = -fdzdz + -f-\— + 6dz){^ + Sdz) 

y y 

where 

k k 

^ = Y^iib-b,r + \-z + a^')-i^Y.^^' 



i=l i=l 
k 



{b ~ 6,) - Ai 



Ai{z + ai) 
and b is defined implicitly by 

k 

(3.7) l[{{b - bi) + A,) = yy. 

i=l 

An easy computation shows that the metric extends smoothly at y = 0, and that the 
above metric is asymptotically locally Euclidean and complete. 
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The Kahler form associated to the metric is given by: 

. , ,_ . _i/2(ij/ ^ 2dy 
ujg = i^dz A dz + Z7 ( h oaz) A — h odz). 

Moreover, Hitchin shows that we can choose a distinguished basis 71, . . . ,7fe-i, of 
H2{M,Z) and then the Kahler class of uj is given by the Poincare dual of ^87r(6i — 
6,+i)7, e7?2(M,M). 

The condition that 7^ aj for i ^ j, is equivalent to the fact the complex surface 
(Af, J) = 7r~^(0) is smooth. If this condition is not satisfied then both M and Z have 
singularities above 0, which Hitchin shows that can be resolved by introducing exceptional 
divisors. If the corresponding bi's are distinct then there are corresponding second ho- 
mology classes 7^ which can be represented by exceptional (—2)— rational curves. Equal 
corresponding bi's will yield an orbifold ALE Ricci-flat Kahler space (M, J, g). 

We conclude that the metric g is uniquely determined by the complex constants 
which are given by the complex structure {M, J) and the real numbers {bi — fei+i), i — 
1, . . . ,k — 1, which determine the Kahler class of uig. The Euclidean translation along 
the 5— axis induces equivalent metrics. We have the following reformulation of Hitchin's 
result: 

Theorem 3.1 (Hitchin |(9|). Let {Mq, 0) be a quotient singularity of type Ak-i- Let {Mt, Jt) 
be the fiber of a Q—Gorenstein deformation q/(Mo, 0), and (M, J) its minimal resolution. 
For any such (M, J) and any Kahler class fl G H'^{AI, M) there exists a unique ALE Ricci- 
flat Kahler metric g such that its Kahler fonn LUg is in the class fl. 

Remark 3.2. We have argued, by giving full details, that Theorem \A\ is true for A— type 
singularities, but if we consider Kronheimer's results in II13II14I then the above statement 
is true for any rational double point singularities. 

We return to the case when k = dn and consider the singular manifold Mq — {xy — 
z'^") and a smoothing of the form M = Md,„ = {xy = z''" - J^Li ejz"'''-*)), e^ e C. 
This deformation is Z„ = r£j„2 /r^n— invariant, where the group Z„ = {p\p G C, p" = 
1} acts by: 

(3.8) p{x, y, z) = {px, p~'^y, p^z), where (m, n) = 1 

We would like to find which of the Ricci-flat Kahler metrics constructed above on M are 
also Z„— invariant, and for this we need to extend the action to the twistor space associated 
to M. 

First, we study the special case of d ^ 1, and later discuss the situation of arbitrary d. 
For d = 1, after a change in coordinates, we can assume M to be given by the equation 
{xy — z" — 1). This equation can be factored as xy = YVi^ii^ ^ where p = e^^^^ . 
Hence, if we are looking for the twistor space associated to M , where the fixed complex 
structure is obtained at li = 0, then we are looking for a twistor space which has a first 

n 

approximation Z C Oicri{n) © Ocr'^{n) ® Ocpi(2), defined by xy ~ W{^ ~ Pi{'^))^ 

i=l 

where Pi (u) = —p^'^u^ + 2biU + p^. Next we need to extend the Z„— action 13.8 I to 0{n) ® 
0{n) © 0(2) CP^, such that Z is invariant. Let p * u denote the action on the affine 
coordinate. The equation xy = n"=i(-^ ~ Pi{u)), becomes under the action of p £ Z„ : 

n 

pxp-'y = l[{p"'z - {-p-\p * uf + 2h{p * u) + p')), 

i=l 



g 



lOANA 5UVA1NA 



or equivalently 

n 

xy = \{{z^ {-p-'-^(p * uf + 2hp-^{p * u) + p'-^). 

i=l 

Requiring Z to be invariant implies — — p^*^™(p*u)'^ + 26ip"™(p*u) + p*^™, 

which gives the action on u, p * u = p™u and also bi = fei_,n- As m and n are relatively 
prime, we have that &i = 62 = • ■ • = and we can assume bi = 0. This fixes the position 
of the points on M.^, as vertices of a regular polygon with n sides, in the plane 6 = 
centered at the origin. Moreover, using the identification 13 .51 of the local coordinates, we 
can identify the exact Z„ action on Aire as follows: 

(3.9) p(a) = p-'"a, p{A) = pA, and p{b) = b 

To identify the action on the fe— coordinate, we only need to observe that the defining 
implicit equation [TT] is invariant under the action, and as 6 is a real number, the action is 
trivial. 

An easy computation shows that 7 is invariant under the Z„— action, while p{d) = 
p'^5. Hence g is invariant under the free action of Z„ and induces a smooth, complete 
ALE Ricci-flat Kahler metric on = Nd,n = A//Z„. The quotient metric is locally 
hyperkahler, but not globally hyperkahler, as {N, g) is a deformation of the manifold 
(A^o = /^dn^,9o), where T^in^ C U{2), but T^n^ is not a subgroup of SU{2), and 
go is the canonical quotient metric on C'^ /Tiin^. In terms of our construction of twistor 
spaces, this translates in the fact that the group acts nontrivially on u G CP^ (the complex 
structures on M) as a rotation by a factor of fixing the initial complex structure J, as 
well as — J. 

In the case d — 1, the quotient manifold A^ has Euler characteristic equal to = 

= 1 and Af is a rational homology ball with infinity asymptotic to C^/r„2. 
Moreover, proposition 12. 3 1 tells us that there exists a unique smoothing (A", J) up to bi- 
holomorphisms. We have showed: 

Proposition 3.3. The rational homology ball {N, J) , with fundamental group 1,^ <^nd 
infinity of the form L{n^,nm — 1) x (i?, 00), constructed above admits a unique ALE 
Ricci-flat Kahler metric. 

d 

Given an arbitrary d, for the defining polynomial of M, xy = z'^" — 

4=1 

d d 

can consider the following factorization xy — — d[) = — c") where = d[ 

i=l 1=1 

and Ci has the smallest possible argument. As we assume that M is smooth, then the sets 
{c" = d'^]i and {ci]i contain distinct numbers. The defining polynomial decomposes 
furthermore as: 

d n 

(3.10) xy = Y{\{{z - c,p>) 

1=1 j=i 

In particular, we have Uij — —Cip~^ ,i = 1, . . . ,d,j = I, . . .n,. 

The same arguments, as in the case d = 1, give us the position of the dn points 
{bij, Im{ai,j), Re{ai,j)) in M"^, as the vertices of d regular polygons with n sides, each 
polygon in a horizontal plane bij — bi ^constant, i — 1, . . . ,d, centered at the origin of 
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the plane (6i, 0, 0) and with one of the vertices at {bi, — q) e Mx C = M"^. The Z„— actions 
on Z and Mre are the same as in the simple case 13.91 

The group action rearranges the terms in the formula of 7 and after factorizing out 
we obtain a similar formula for 6, i.e. 7 is invariant under the Z„ action, while p{S) — p"^6. 
Hence, the Hitchin's metrics, given by the equation 13.61 are Z„— invariant for the above 
choice of points. The fact that the 6— coordinates of the vertices satisfy the conditions 
= bi translates to the fact that the Kahler class of the metric is Z„ —invariant. Moreover 
any invariant Kahler class must satisfy these conditions. 

We are now ready to give the proof of the main theorem: 

Proof of Theorem^ From Theorem l2.2l we know that there are only two types of isolated 
quotient singularities which admit a Q— Gorenstein smoothing. For the first type of singu- 
larities the existence of ALE Ricci-flat Kahler metric in any Kahler class was proved by 
Hitchin |9 |, for the A— singularities, and by Kronheimer ([T3lll4l in general (according to 
the reformulation of their results in Theorem l3.1 l and Remark IX2] |. 

In the case of a 3^(1, dnm — 1) singularity, we saw that a smoothing Nf of C^/r£;„2 is 
the Z„— quotient of a Arf„_i manifold, see Proposition |2.3l In this section we looked at the 
explicit description of Hitchin's metrics on these deformations and proved that the Kahler 
metric is also group invariant as long as it satisfies the condition that its Kahler class is 
invariant. 

As any Kahler class on N can be pulled back to a Z„— invariant Kahler class on a 
^rfri-i— manifold, which contains a unique ALE Ricci-flat Kahler metric ^ (13.1b . which 
we proved is group invariant, hence it induces the needed metric on N. □ 

4. Classification of ALE Ricci-flat Kahler metrics on surfaces 

The simply connected ALE Ricci-flat Kahler surfaces are classified by Kronheimer lfT4ll . 
These are the ALE hyperkahler surfaces, and their metrics are explicitly described. When 
the manifolds are not simply connected, the author could not find such a classification in the 
literature. The present paper is intended to fill in this gap, by giving a complete description 
of the ALE Ricci-flat Kahler, with emphasis on the non-simply connected case. 

In this section we are going to use the Kronheimer's approach to classify the ALE 
Ricci-flat Kahler surfaces (A/, J, g). We will see that the 4-manifold M and the metric g 
are determined by the topology of the asymptotic end and the Kahler class of the metric, 
respectively. We prove this by starting with some easy lemmas. 

Lemma 4.1. Let (Af, g) be an ALE Ricci-flat manifold then the fundamental group of M 
is finite. 

Proof. This is an immediate consequence of the fact that (A/, g) is asymptotically locally 
Euclidean and the Volume Comparison Theorem on Ricci-flat manifolds. The Volume 
Comparison Theorem for the universal cover (M, g) tells us that (Af , g) must have volume 
growth less than that of R'', and as M is ALE we have that the universal cover must be a 
finite covering of M. Hence 7ri(Af) is finite. □ 

Lemma 4.2. Let {M, g) be an ALE Ricci-flat 4— manifold, then its universal cover AI has 
only one end, in particular is ALE. 

Proof. If M is disconnected at infinity, then {M,g) contains a line ([[TtI, Ch.9]), and as 
RiCg = the Splitting Theorem tells us that {M, g) is isometric to a product {N x R, 50 + 
dt^). In particular the 3— dimensional manifold N is Ricci-flat, and hence flat. But as N 
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is simply connected, we have N is the Euclidean space, and so is M. In particular, M has 
only one end at infinity. □ 

Remark 4.3. The lemma actually proves a stronger result. If the asymptotic models of M 
and M are those ofM.^/H and R'^/F, with H, T finite subgroups of SO {A) , and we denote 
the fundamental group 7ri(M) by G, then H is an extension ofT by G : 

-^T ^ H ^ G ^ 0. 

Proposition 4.4. The universal cover {M,J,g) of an ALE Ricci-flat Kahler manifold 
(M, J, g) is an ALE hyperkahler manifold, and M is obtained by taking the quotient of 
M by a finite cyclic group of automorphisms. 

Proof. Lemma 132] tells us that the universal cover (M, is ALE Ricci-flat Kahler mani- 
fold, and as M is simply connected, it is hyperkahler iflOl . In particular, as the metrics are 
compatible with the complex structure, the asymptotics of M, M are given by iJ, F finite 
subgroups of [/(2), SU (2), respectively. 

Let F' be the normal subgroup of H given by F' = n SU{2). Then F C F'. First 
we will show that the two subgroups are equal to each other As F'/F is a subgroup of 
H /T = G = TTi{M), it has an associated covering {M',g') {M,g), with g' the pull- 
back metric. As AI is the universal cover of M, we have a covering (Af , g) {M' , g'). 
Moreover, M' has one end at infinity and the group of deck transformations is given by 
TTi{M') = F'/F. As M is a hyperkahker manifold, the manifold M' will be hyperkahler 
if 7ri(A/') acts trivially on the canonical bundle Kj^. But any element in tti{M') can be 
identified with an element in F'/F, and can be represented be a loop 7 in the asymptotic 
model, C^/F'. As F' C SU{2) flie loop acts trivially on K^. Hence M' is also a hy- 
perkahler manifold. But Kronheimer 1 14] classified all ALE hyperkahler manifolds, and 
showed that they are, in particular, simply connected. Hence M = M' and F = F'. 

This implies that H/T, {T = H n SU{2)) is a subgroup of U{2)/SU{2) = . So, 
G = H/T is a finite cycUc group. 

□ 

Remark 4.5. In particular, if the manifold M is not simply connected then it is not hy- 
perkahler, just locally hyperkahler, as the group G acts non-trivially on the canonical 
bundle Kj^. Moreover, M is a spin manifold iff the order of G is odd. 

By Pi'oposition l4.4l classifying the non-simply connected ALE Ricci-flat Kahler mani- 
folds is equivalent to classifying the finite cyclic /ree groups of isometrics on hyperkahler 
4— manifolds. 

In the remaining part of this section, we prove that the manifold M admits a G—equi variant 
degeneration to the quotient orbifold C^/F. This will lead to an explicit description of M 
and it will give us a complete classification of the ALE Ricci-flat Kahler manifolds. To do 
this we go back to Kronheimer's paper 1141 and study the G— action on the twistor space 

As we mentioned in the previous section, to any half-conformally flat (spin) manifold 
{X, [g] ) we can associate a complex three-manifold Z, its twistor space. If the manifold 
{X, g) is scalar flat Kahler, then the metric is anti-self-dual (ASD), and its twistor space 
is the projective bundle Z = P(V^+), where is the bundle of self-dual spinors. If we 
consider the manifold with the reversed orientation X, then {X, g) is a self-dual manifold, 
and to it we associate the same twistor space Z, which now is defined as P{V^), where 
is the bundle of anti-self-dual spinors on {X,g). 
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Given an ALE Ricci-flat hyperkahler manifold (M, g), Kronheimer [fT4| constructs orb- 
ifold compactifications of both M and Zj^as follows : M = M U {00} and Z-~ — 

U {CPVr}. Let U' = (K"* \ Br{0))/T be a neighborhood of infinity in M, such that 
U' /G is a neighborhood of infinity in M and let p :[/'—> C/' be the universal cover of 
U'. If Xi are i7— invariant local coordinates at infinity in U' , then U — U' U {00} is a 
smooth chart if we consider the coordinates yi = Xijr^ . Moreover, if : A/ — > M+ is 
a smooth G— invariant function, equal to l/r^ outside some compact set, then the metric 
Ij = p*(0^5|(7') extends to a class C'^ metric on U 1141 . which is iJ— invariant. Then 
defines Riemannian orbifold structures on the compactifications M = M U {00} 
and M ~ M\J {oq\. The manifold M is obtained from M by taking the quotient by the 

group G, which acts freely on M and fixes 00 on M. 

We now construct a compactification of the twistor space Z by defining the twistor space 
for an orbifold space. As ^ is in the same conformal class as g, it is ASD in Xi coordinates. 
But if we consider yi coordinates, as the transition map is reversing the orientation, the 
metric is be self-dual. To leading order, H acts linearly on both Xi and yi coordinates, by 
the same representation pn : H U{2), and so does its subgroup F. Moreover (see flU 
Lemma 2.1]), in yi coordinates the action of F on is trivial, but non-trivial on . For 
the neighborhood ([/, g) of 00 we consider the twistor space Zfj . As the metric y is both H 
and F— invariant, the actions of H and F extend to holomorphic actions on Zjj. Moreover, 
if ^oo C Zfj is the twistor line corresponding to the 00, then H and F act on ^oo by the 
standard action of U{2) on CP^ |fT4l. Let = ^00/r. We define the compactifications 
of the twistor spaces to be Z~ = Zj^ U loo and Zjj = Zm U {loo/H), with the complex 
structures given by F, quotients of Zjj in the neighborhoods of the twistor lines at 
infinity. The complex 3— fold Zjjis obtained as the quotient Z-~/G, where G acts freely 
on Z^ and non-trivially on l^o ■ 

As M is hyperkahler, there is a holomorphic projection tt : Zj~j CP^ . The sphere 
CP^ gives a 5^— family of complex structures on M : to each point a E CP^ there is 
an associated complex structure Ja on AI given by the complex structure on the fiber 

TT^^{a) = M ^ Z-^. Note that the compactification M is not hyperkahler and the pro- 
jection TT does not extend to the compactification of the twistor space. 

Kronheimer's description of tlie twistor space of M : 

On Z^ there is a preferred line bundle tt*0{1). By Hartog's theorem this extends to a line 
bundle on Z—, which can be restricted to a line bundle on ^oo • To understand the twistor 

M' 

space Zj^, Kronheimer considers the following graded rings; 

^(^m) - ^"(^M' ^*0{k)), A(U = H"{l^,n*0{k)), 

k>0 fc>0 

and / C A{Z~) the ideal generated by u, w, the pull-backs of the two sections of 0(1) — ^ 
CP^. The two sections u and v are associated to the homogeneous coordinates [u : v] 
ofnCP^. There is a relation between the graded rings given by [14. Prop. 2.3]: 

(4.1) ^ / ^ A{Zj^) ^ A(/oo) ^ 0. 
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If we look at the affine varieties associated to the coordinate rings, the above sequence can 
be interpreted as saying that there exists a four-dimensional affine variety Y and a fibration 
(t):Y ^€"^3 such that 0-^(0,0) = CVr, i.e. : 

Y D 0^^0,0) =cVr 

(4.2) u ; 

C2 3 (w,v) = (0,0) 

Moreover [il4i . F is a deformation of C^/F (F C SU{2)), and it can be considered 
a subset of C^{x,y, z,u,v). On Y there is an induced C* action given by the grading 
on the A{-) rings such that cf) is C* — equivariant, and the action of C* on is the usual 
multiplication. Let z' = {Y \ 0)/C* and = {Y \ F)/C*, where = {u = v ^ 
0} C C^. The map (p induces a projection vr" : — > CP^. Then, Z and are 
orbifold models of the twistor spaces Zjj and Zj^. The singularities of Z and are 

contained in fibers (7r'*)^^(a), for finitely many points a € CP^ ( llT4l Lemma 2.7]), and 
they correspond to contracting the holomorphic 2— spheres of self-intersection (—2) in 
(M, Ja) « (7r~^(a) C Z-^). The twistor space is obtained by taking the simultaneous 
minimal resolution x '■ ^jf ^ Z'^ , and we have the following commuting diagram: 

(4.3) U _ 

Cpi 4 Cpi 

Moreover, x extends to the compactifications of the twistor spaces x : Z~ Z^ fl4l. 

In the remaining part of the section we redirect our attention towards the study of the 
manifold (M, J, g) by looking at the equivariant objects associated to its universal cover 
with induced complex structure and metric (A/, J, g). The group G = 7ri(Af) acts freely 
on (Af , J, 5) by holomorphic isometrics. An equivalent definition of the twistor space of a 
manifold is given by the space of unit self-dual forms 5(A+) ||4l. Thinking of Z^ in this 
way, we see that there is an induced free action of the group G on the twistor space, and as 
the action of G on M is by isometrics, the induced action on Zj^ is holomorphic. As the 
constructions are canonical, the twistor space Zm is obtained as the quotient Zj^/G, and 
the same is true for their compactifications: Zjj- = Z-^JG. 

As M is hyperkahler there is a global trivialization of 5 (A"''), and the G will act on this 
bundle by fixing two points in each fiber, the self-dual forms associated to the complex 
structures J and — J. The action of G on S'(A+) is non-trivial, as G gives the extension 
of the group F C 5[/(2) to i7 C [/(2). The projection vr : -)> CP^ is induced by 
this trivialization and, eventually after reparametrization of bundle S'(A+), we can assume 
that G acts on the fibration Zj^ — > CP^ such that the action on CP^ has exactly two fixed 
points [0 : 1] and [1 : 0]. Let's assume that the fiber 7r^^([0 : 1]) can be identified to 
(A/, J). Moreover, as G = Z„ and the action of G on CP^ is holomorphic and non-trivial, 
it is of the form p[u : v\ — [p^u : w], where p £ G is thought of as a n*'' root of unity 
and k is some integer associated to the action G. We can conclude the following about the 
twistor space of A/: 

Proposition 4.6. The twistor space Zm does not fiber over CP^, but instead there is a 
holomorphic fibration: Zm (CP^/G). The generic fiber is diffeomorphic to M, while 
the fibers above the two singular points are {M, ± J). 
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Proof of Theorem^ As we have seen in Section[3] Theorem 13. II Remark IT2I the simply 
connected case is completely understood from the work of Hitchin ||9l and Kronheimer 
lfT3l[T4l . We will finish the proof by treating the non-simply connected case. 

The map x '■ Zjj ( I4.3l l is given by contracting the exceptional (—2)— spheres 

on each fiber of tt, or equivalently looking at the fibration of the canonical models of the 
fibers. Hence the G— holomorphic action on Z-^ induces a G— holomorphic action on Z^ 
which is compatible with the fibration tt* : Z'* — CP^ , where G acts on CP^ as before, 
with fixed points [0 : 1] and [1 : 0] . 

The manifold M is mapped to (7r^)^^([0 : 1]) C Z^ by x- As M is an ALE hyperkahler 
manifold the only exceptional curves are a finite number of holomorphic spheres of self- 
intersection —2, which are either isolated or form a tree configuration of type A, D or E. 
The group G acts freely and holomorphically on M hence it is going to take holomorphic 
spheres and configurations of holomorphic spheres to them-selves. If G or a subgroup of G 
fixes such a configuration, then G or the subgroup has to permute both the spheres and the 
intersection points of the spheres of that configuration (as the action of G is free). But as 
we have a tree configuration of spheres, there is one more sphere than intersection points, 
hence the subgroup of G fixing a configuration of holomorphic spheres must be trivial. So, 
if we consider the manifold = (vr") ^([0 : 1]) C Z^ ^ the canonical model of M, then 
the induced action of G on (7r'*)~^([0 : 1]) is free. The quotient A'P /G =: is the 
canonical model of the manifold (M, J). 

The fibration tt'' : Z'* ^ CP^ is obtained by taking the C* -quotient of : [Y \ V) 
\ {0}, where C* acts on by scalar multiplication. Hence, the G— action on Z^ in- 
duces an action on F \/'*. To see how this action acts on the central fiber (/)^^(0) ^ (C^/F) 
we have to remember that the central fiber is associated to the orbifold compactification of 
the twistor space to = U (CPVr) = {Y \ {0})/C*. But the compactification of 
Zm is Zm U (Zoo/G) = Zm U [€¥'^/H). Hence the action of G = H/T on /T must 
be such that (CVr)/G = {C^/T)/{H/T) ^ C^/H. 

Let L be the line in corresponding to the point [0 : 1] £ CP^ = (C^ \ {0})/C*, 
and let X = (j>~^{L) C Y. As F is a deformation of a rational double point singularity, 
ip : X ^ Lisa 1— parameter Gorenstein deformation of Yq — C^/F. Moreover the action 
of G restricts to A", it is compatible with the fibration, and G acts trivially on C = L. Hence 
we have 0:A'/G— s>Cisa 1— parameter Q— Gorenstein deformation of Yo/G = / H. 
We can use Theorem 12.21 if M does not contain exceptional (—2)— rational curves, or 
Proposition l2.4l otherwise. to conclude that iJ is a finite cyclic group generated by a matrix 
of the form 



with p a root of unity of order dn? , where n > 2, and m and n are relatively prime. This 
also implies that the universal cover of M has to be an yl— type manifold, and the Z„ action 
is the one given in Proposition l2.3l 

Moreover, M is obtained from the 1— parameter Q— Gorenstein deformation of£?/H 
given by : A'/G — > C, and if the fiber Af* has singularities, they must be of the type 
A and M is the minimal resolution of M^. The metric g is the unique Ricci-flat Kahler 
metric in a given Kahler class. □ 

5. Gibbons-Hawking formulation and ALF Ricci-flat Kahler metrics 

Hitchin's approach defines the metrics on M via the twistor space. An alternative con- 
struction of these metrics is due to Eguchi, Hanson ||2] on Ai and Gibbons, Hawking [8J on 
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any ^fe— surfaces. It uses essentially the S*^— action on (zi, 22) G C^, seen as a subgroup 
of SU{2), or equivalently the representation of the angular coordinate of A, as in section 

m 

Let Xi, i = 1, . . . , fc, be a collection of k points in M.^. Let V{x) — j X]i=i 
be a function defined on \ {xi}. It can be easily checked that [-^ * dV] G i7^(M^ \ 
{xi}, Z), where * denotes the Hodge star operator on the Euclidean R"^. Associated to this 
cohomology class there is a principal bundle on \ {xi}. Let tt' : A^' — > M"^ \ {xi] 
be the total space of the bundle, with the natural projection. Locally in a neighborhood 
of a point Xi, the Chem class of the bundle is —1, hence locally our bundle N' is just 
the bundle corresponding to the Hopf fibration \ {0} \ {0} ^ \ {0}, 

where the action is multiplication by the unit complex numbers. We can then smoothly 
compactify N' to N = N' U {xi , . . . , af^ } by adding a point Xi corresponding to each Xi . 
The action extends on N by having the points {xi, . . . ,Xk} as its fixed points. Notice 
that the manifold N has the same description as the smooth manifold Af^e associated to 
the deformation of a Ak singularity and hence the same topology at infinity. 

Let be a connection 1— form on N' such that dui = tt'* {*dV). Let 

go ^^^^ + VTi'*ds^ 

be a metric on N' where ds^ is the Euclidean metric on M-^ . Then 50 extends to a smooth 
ALE Ricci-flat metric g on N, which is known as the Gibbons-Hawking metric lH). A 
different choice of the connection lo will induce an isometric metric. 

If we consider the differential manifold obtained by smoothing a dnm — 1) sin- 

gularity, we need to restrict ourselves to the case k = dn, and choose the points Xi to be 
the vertices of d regular polygons, each with n sides, laying in horizontal planes {h — ct) 
and centered at the origin. Then the manifold N' admits an isometric action of the group 
Z„ analogous to the action |J!9l 

(5.1) if p G C,p" 1, thenp(a) = p"™a, p{h) = &, and = pO 

where (a, 6) G C x M = and G S"^ is a local coordinate of the principle bundle, 
and on each fiber the action of the group Z„ is just the action of the finite subgroup of order 
71. This action extends to a free action on N. The quotient manifold N /"Ln is diffeomorphic 
to the smoothing of a ( 1 , dnm — 1 ) singularity. Moreover as both the function V and 
the connection 1-form are group invariant, we have an induced ALE Ricci flat metric on 
the quotient space. On H] Sec. 2], we can define a Z^— invariant complex structure 
as follows: given -jp— = itd^?^, it- — ar^ 1 \ the vector basis associated to 

oO^ 00^ aai ai?,e(a) ' oa2 oIm{a) 

the local coordinates {9,b,a) G N', the complex structure J is defined as JiV^-^) = 
J{V^^ = afj- All s^sy check shows that J is integrable, compatible with 
the metric go and extends to the total space N, 1 1 1 . 

As in the ALE-case, we can use the above description to construct ALE (asymptotically 
locally flat) Ricci-flat Kahler metrics on a manifold obtained by smoothing a dnm — 

1) singularity. A metric is said to be ALE if the complement of a compact subset is finitely 
covered by {M.^ \ Ball) x with the metric decaying to the flat product metric. These 
metrics are obtained by replacing the function V{x), with V'{x) := 1 + V{x). In this 
case, the above construction is going to give an ALE Ricci-flat Kahler metric on the same 
smooth space N. These metrics are know as the multi-Taub-NUT metrics. As V'{x) is Z^ 
invariant, we have an induced ALE Ricci-flat Kahler metric on N/Zn- 
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In his paper lfT6l . Minerbe gives a classification of gravitational instantons (hyperkahler 
metrics) of cyclic type, showing that they are the flat C x C/Z or the multi-Taub-NUT 
manifolds. If one wants to generalize his classification, to a classification of ALF Ricci- 
flat Kahler 4-manifolds, then the above quotients should be included. 

Another application of the Gibbons-Hawking construction is in the spirit of Anderson- 
Kronheimer-LeBrun's result |T|. We can choose infinitely many points {a;i}igN C 
arranged in n— tuples which are vertices of infinitely many regular polygons Pj,j G 
N. The polygons, Pj are chosen to have all n sides, lie on horizontal planes (constant 
fe— coordinates) and inscribed in circles of radii centered about the 6— axis. Then, as 
in yj, we have constructed a manifold Noo with infinite homology. Moreover, the metric 
and complex structure are invariant under a Z„ free action of the form 15. II Hence, on the 
non-simply connected manifold Noo/'^n there is an induced complete Ricci-flat Kahler 
metric. 

The above examples of Ricci-flat Kahler manifolds which are ALF or have infinite 
topology lead us to conclude that the ALE condition on our classification is not only nec- 
essary for our proofs, but without it the classification is not known. 

6. An application 

The deformations of singularities in this paper give us a local model for smoothing an 
orbifold and constructing good metrics on a nearby space. We would also like to under- 
stand if the same is true for global deformations of compact orbifolds. In this context we 
can address the following problem: If the orbifold manifold is endowed with a good orb- 
ifold Kahler metric, does a nearby smoothing admit a good metric? The author answers 
positively this question in the case of constant scalar curvature Kahler metric in 1T91 (in 
preparation). The more precise result is the following: 

Theorem 6.1. II19II Let (Mq, go) be a compact constant scalar curvature Kahler orbifold 
of dimension two with isolated singularities. Assume that there is no non-zero holo- 
morphic vector field vanishing somewhere on Mq and that Mq admits a one-parameter 
Q—Gorenstein smoothing TT : A C C. Then any manifold Mt = Tr~^(t) sufficiently 

close to Mq admits a constant scalar curvature Kahler metric. 
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